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Abstract
In addressing the problem of commodity production out of feedstock imports, an eco-
environmentally rational agent aims at minimizing the cost of feedstock imports and
their transportation, but also the water footprint of the feedstock production process
and the water scarcity in the exporting countries. The problem is formulated as a
nonlinear program. This study proves the existence of solutions and quantitatively
demonstrates that transportation costs and non-uniform feedstock characteristics in-
hibit feedstock interchangeability. Moreover, it is shown that the interplay between
water footprint and and water scarcity across countries can inhibit or foster feedstock
interchangeability.
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1 Introduction
The purpose of the present work is to provide a mathematical model that explains
the complex process that drives the strategical choices in commodity productions,
including economical, environmental end etical factors.
Based on basic theoretical assumptions, our model takes the form of a nonlinear op-
timization problem. Thanks to the presence of nonlinearities, our model exhibits rich
behaviours that reflect the complex relationship between the heterogeneous factors
the model accounts for.
The probem of feedstock optimization via programming problems has been addressed
primarily for biofuels [5, 6, 1], but also for other commodity classes [7, 4]. In the
present work we propose a general model that is not limited to a single commodity
class, but aims at grasping a common underlying behaviour or feedstock optimization
in commodity production. In this regard, the present work serves as a theoretical
explanatory tool. On the other hand, the proposed model is conceived as a deep
extension of the linear optimization model for biodiesel feedstock imports previously
introduced in [5], with the purpose of adapting to more general and realistic scenarios.
Hence, a possible by-product of the proposed work is an improved decision making
tool for biodiesel feedstock optimization.
By carrying out a mathematical analysis of the proposed model, we draw conclusions
that (i) validate the effectiveness of the model and (ii) translate into the policy im-
plications.
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2 Problem statement
We assume that the agent must produce a fixed quantity Q of a given commodity by
using several interchangeable raw materials imported from several countries. Specif-
ically there are N ∈ N feedstock-country combinations. For each i = 1, . . . , N , let
xi be the amount of the i− th country-feedstock that the agent can possibly import
and let λi be the coefficient of transformation of the i-th feedstock to the finished
commodity. We obtain the following constraint
N∑
i=1
λixi = Q. (1)
As for the cost, we assume that each feedstock i = 1, . . . , N has a linear cost cixi,
plus a sublinear transportation cost Cix
γ
i , with 0 < γ < 1. Hence, the agent must
face a total cost of
N∑
i=1
(cixi + Cix
γ
i ). (2)
Finally, we quantify the impact of water consumption. Each feedstock i = 1, . . . , N
requires a virtual water µixi, where µi is the water footprint (WF) [3]. Hence, we
could use µixi as a water consumption indicator. However, in countries affected by
water scarcity, the withdrawal of µixi liters of water might significantly shrink the
natural water reservoir of that country. For this reason we weight water consumption
by the normalized remainder of water available in that country, as in the following
water impact function:
N∑
i=1
Wi
Wi − µixi
µixi, (3)
where Wi is an estimate of the overall water available in the i-th country. Since the
agent aims at minimizing the cost and the water consumption impact at once, we
are facing a multicriterial optimization problem. In order to combine the total cost
(2) and the water impact (3) into a unique cost function, we use the CES (constant
elasticity of substitution) aggregator function defined by CES(a, b) := (ar + br)
1
r ,
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with r > 0, see [2]. Hence, the function to minimize is
F (x1, . . . , xN) :=
((
N∑
i=1
(cixi + Cix
γ
i )
)r
+
(
N∑
i=1
Wi
Wi − µixi
µixi
)r) 1
r
. (4)
We obtain the following nonlinear program:
min F (x1, . . . , xN ) s.t. (5)
N∑
i=1
λixi = Q (6)
xi ≥ 0 i = 1, . . . , N. (7)
This nonlinear program generalizes the linear optimization problem considered in [5],
in which transport costs and water scarcity were neglected.
3 Results
We start by proving a necessary and sufficient condition for the existence of one or
more solutions to the program (5)-(7). Specifically, in the following theorem, we prove
that one or more solutions (i.e. feedstock mixes that are feasible and optimal) exist
if and only if the combined water reservoir of the countries of export is sufficient
to produce the feedstock needed in the production of the final commodity. This
reasonable existence condition shows the well-posedness of the proposed model.
Theorem 1 (Existence of solutions). The nonlinear program (5)-(7) has at least a
solution (x1, . . . , xN ) if and only if the parameters fulfil
N∑
i=1
λi
Wi
µi
> Q. (8)
Proof. The feasible domain of F is the non-compact set
D :=
{
(x1, . . . , xN)
∣∣∣∣∣
N∑
i=1
λixi = Q, 0 ≤ xi <
Wi
µi
∀i = 1, . . . , N
}
⊂ RN . (9)
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We start by proving that D is non-empty if and only if (8) holds true. In fact, if
(8) holds true, there exists 0 < η < 1 such that
∑N
i=1 λiη
Wi
µi
= Q, hence the point(
ηW1
µ1
, . . . , ηWN
µN
)
is in D and D is non-empty. Conversely, if (8) does not hold and
(x1, . . . , xN) is in D, then
∑N
i=1 λixi <
∑N
i=1 λi
Wi
µi
≤ Q, a contradiction, hence D is
empty.
We are left to prove that, when D is non-empty, problem (5)-(7) has at least a
solution. For any ε > 0, let Dε be the compact set defined by
Dε :=
{
(x1, . . . , xN )
∣∣∣∣∣
N∑
i=1
λixi = Q, 0 ≤ xi ≤
Wi
µi
− ε ∀i = 1, . . . , N
}
⊆ D. (10)
Firstly, since D is non-empty, there exists ε0 > 0 such that, for 0 < ε < ε0, Dε is non
empty as well. Now take x ∈ D and, if D \Dε is non-empty, take x¯ = (x¯1, . . . , x¯N) ∈
D \Dε. If ε further fulfils ε <
W 2
1
W1+F (x)
, then we have F (x¯) ≥ W1
W1−µ1x¯1
µ1x¯1 ≥ F (x).
Hence, minimizing F on D is equivalent to minimizing F on Dε, a problem that
has a solution from Weierstrass’s theorem, since F is continuous on the non-empty
compact set Dε.
The following results are devoted to policy implications. To this end, we introduce
the notion of productive potential, a quality indicator of feedstocks, based on the
unitary price ci, the water footprint µi and the coefficient of transformation λi. For
each feedstock i = 1, . . . , N , its productive potential Pi is defined as
Pi :=
ci + µi
λi
. (11)
In the following theorem we consider the special case of free transport, no water
scarcity and linear aggregator function. In this special case we prove that there
exists an optimal feedstock mix that involves all the considered feedstocks if and
only if these possess the same productive potential.
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Theorem 2. If
r = 1 (linear CES) (12)
Ci = 0 ∀i = 1, . . . , N (free transport) (13)
Wi → +∞ ∀i = 1, . . . , N (no water scarcity) (14)
then there exists a solution such that xi > 0 for all i = 1, . . . , N (i.e. with all country-
feedstock combinations involved) if and only if all feedstocks have the same productive
potential, i.e.
Pi = Pj , ∀ i, j = 1, . . . , N, i 6= j. (15)
Proof. If a solution (x1, . . . , xN ) fulfils xi > 0 for all i = 1, . . . , N , then it must be
a critical point of the decisional function F on the constraint (6). The Lagrangian
function on such constraint reads
L(x, ξ) =
N∑
i=1
cixi +
N∑
i=1
µixi − ξ
(
N∑
i=1
λixi −Q
)
, (16)
where ξ is the Lagrange multiplier. Hence, the KKT necessary condition is
ci + µi − ξλi = 0 ∀i = 1, . . . , N, (17)
that is fulfilled if the number
ξ :=
ci + µi
λi
(18)
does not depend on i. Vice-versa, if (18) holds true, then F is constant on the feasible
set D since
F (x1, . . . , xN ) =
N∑
i=1
(ci + µi)xi = ξ
N∑
i=1
λixi = ξQ, (19)
hence every point of D is a solution. Specifically, every point of D with xi > 0 for all
i is a solution.
In the remainder of this work we will use the following notations:
ξ¯ := max
i
Pi, i¯ := argmax
i
Pi. (20)
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The index i¯ is the feedstock that possesses the maximum production potential ξ¯. In
the next theorem we consider a more general case by including transport costs. In
contrast with the previous case we prove that, regardless of the production potentials
of the given feedstocks, an optimal mix that involves all the feedstocks cannot exist.
In other words, in the absence of water scarcity, transport costs prevent feedstock
interchangeability a-priori, that is, one or more feedstocks are necessarily excluded
from the optimal mix(es).
Theorem 3. If
r = 1 (linear CES) (21)
Wi → +∞ ∀i = 1, . . . , N (no water scarcity) (22)
then there exists no solution such that xi > 0 for all i = 1, . . . , N regardless of
feedstock properties.
Proof. Suppose by contradiction that a solution x = (x1, . . . , xN ) fulfils xi > 0 for
all i = 1, . . . , N , then it must be a critical point of the decisional function F on the
constraint (6). The Lagrangian function on the constraint (6) reads
L(x, ξ) =
N∑
i=1
(cixi + Cix
γ
i ) +
N∑
i=1
µixi − ξ
(
N∑
i=1
λixi −Q
)
, (23)
where ξ is the Lagrange multiplier. Hence, the KKT necessary condition is
ci + γCix
γ−1
i + µi − ξλi = 0 ∀i = 1, . . . , N. (24)
By solving (24) for xi = xi(ξ), we have
xi(ξ) =
(
ξλi − ci − µi
γCi
) 1
γ−1
∀i = 1, . . . , N. (25)
The quantity between brackets must be strictly positive, which implies that ξ > ξ¯.
Observe that the function
P (ξ) :=
N∑
i=1
λixi(ξ) =
N∑
i=1
λi
(
ξλi − ci − µi
γCi
) 1
γ−1
(26)
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is well-posed for ξ ∈ ]ξ¯,+∞[, is strictly decreasing w.r.t. ξ, tends to +∞ for ξ → ξ¯
and tends to 0 for ξ → +∞. Hence, there exists a unique ξ > ξ¯ such that P (ξ) = Q.
Since xi(ξ) > 0 for ξ > ξ¯, we have found that there exists a unique critical point x
of F on the constraint (6). This point is a local maximum since the Hessian of F on
x is
HF (x) = γ(γ − 1)


C1x
γ−2
1
. . .
CNx
γ−2
N

 , (27)
which is negative-definite. Hence, x is not a solution of the considered program, a
contradiction.
In the next and last theorem we consider the case of free transport, but including
water scarcity. In this case we show the existence of an interplay between water
scarcity and water footprint in determining feedstock interchangeability. For each
feedstock, reduced water scarcity can compensate for high WF. Specifically, if water
scarcity and water footprint fulfil a suitable compensation condition, we have that
• There exists an optimal feedstock mix that involves all the considered feed-
stocks;
• The optimal mix is unique, hence no feedstock can be excluded from the optimal
mix.
Theorem 4. Suppose that
r = 1 (linear CES) (28)
Ci = 0 ∀i = 1, . . . , N (free transport). (29)
If the existence condition (8) and the following compensation condition1 hold true
M2i
ci¯
λi¯
+M2i
µi¯
λi¯
< M2i
ci
λi
+
µi
λi
∀i 6= i¯, (30)
1Condition (30)-(31) is a bound on the variability of the ratios ci
λi
and µi
λi
that accounts for water
scarcity. In particular, the variability in water scarcity can compensate or worsen the variability in
water footprint.
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where
Mi := max
{
0, 1−
Qµi
Wiλi(N − 1)
}
∀i 6= i¯, (31)
then the solution is unique and fulfils xi > 0 for all i = 1, . . . , N .
Proof. If a solution (x1, . . . , xN ) fulfils xi > 0 for all i = 1, . . . , N , then it must be a
critical point of F on the constraint (6). The Lagrangian function on such constraint
reads
L(x, ξ) =
N∑
i=1
cixi +
N∑
i=1
Wi
Wi − µixi
µixi − ξ
(
N∑
i=1
λixi −Q
)
, (32)
where ξ is the Lagrange multiplier. The KKT necessary condition is
ci +
µiW
2
i
(Wi − µixi)2
− ξλi = 0, ∀i = 1, . . . , N. (33)
By solving (33) for xi = xi(ξ), we have
xi(ξ) =
Wi
µi
(
1−
√
µi
ξλi − ci
)
, ∀i = 1, . . . , N. (34)
Observe that the function
P (ξ) :=
N∑
i=1
λixi(ξ) =
N∑
i=1
λi
Wi
µi
(
1−
√
µi
ξλi − ci
)
(35)
is well-posed (and all its summands are non-negative) for ξ ∈ [ξ¯,+∞[, is strictly
increasing w.r.t. ξ, and for ξ → +∞ tends to
∑N
i=1 λi
Wi
µi
> Q from (8). Now, there
exists a unique solution (x1(ξ), . . . , xN(ξ)) with xi(ξ) > 0 for all i if and only if
there exists a unique ξ > ξ¯ such that P (ξ) = Q, which in turn is true if and only
if P (ξ¯) < Q. To this end, observe that the i¯-th summand of P (ξ¯) is 0, hence it is
sufficient to enforce that each of the other N − 1 summands does not exceed Q
N−1
,
which yields (30). We have found that there exists a unique critical point x(ξ) of
F on the constraint (6). This point is a global minimum since, for any x ∈ D, the
Hessian of F on x is
HF (x) = 2


W 2
1
µ2
1
(W1−µ1x1)3
. . .
W 2Nµ
2
N
(WN−µNxN )3

 , (36)
which is positive-definite.
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4 Conclusions
The overall results give the following policy insights. First, one or more feasible
and optimal mixes of feedstock imports exists, if and only if the countries of exports
possess a combined water reservoir that allows for the production of the final com-
modity. Second, feedstocks characterized by high WFs and import costs tend to be
excluded from the optimal choices. In fact, in the limit case of free transport and no
water scarcity, different feedstocks can be included in an optimal mix only if these are
exactly homogeneous in terms of production potential. Third, transportation costs
reduce the possible feedstocks which can be included in the optimal mix. In fact, in
the limit case of no water scarcity, an optimal mix that includes all feedstocks does
not exist, regardless of their production potentials. Fourth, water scarcity acts as a
balancing factor that can enhance or compensate for heterogeneity in the production
potentials of the raw materials. In fact, in the limit case of free transport, there exists
a compensation condition in closed form, under which the optimal mix is unique and
includes all feedstocks.
References
[1] Najmul Arifeen, Ruohang Wang, Ioannis Kookos, Colin Webb, and Apostolis A
Koutinas. Optimization and cost estimation of novel wheat biorefining for contin-
uous production of fermentation feedstock. Biotechnology progress, 23(4):872–880,
2007.
[2] D F Heathfield. An introduction to cost and production functions. Macmillan
International Higher Education, 2016.
[3] A Y Hoekstra, A K Chapagain, M M Mekonnen, and M M Aldaya. The water
footprint assessment manual: Setting the global standard. Routledge, 2011.
10
[4] Pablo A Marchetti, Ignacio E Grossmann, Wiley Bucey, and Rita A Majewski. A
multiproduct feedstock optimization model for polymer production. In Computer
Aided Chemical Engineering, volume 32, pages 583–588. Elsevier, 2013.
[5] P P Miglietta, S Giove, and P Toma. An optimization framework for supporting
decision making in biodiesel feedstock imports: Water footprint vs. import costs.
Ecological Indicators, 85:1231–1238, 2018.
[6] Yogendra Shastri, Alan Hansen, Luis Rodr´ıguez, and Kuan Chong Ting. Devel-
opment and application of biofeed model for optimization of herbaceous biomass
feedstock production. biomass and bioenergy, 35(7):2961–2974, 2011.
[7] Yanan Zhang, Guiping Hu, and Robert C. Brown. Integrated supply chain de-
sign for commodity chemicals production via woody biomass fast pyrolysis and
upgrading. Bioresource Technology, 157:28–36, 2014.
11
